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Subharmonic bifurcations of standing wave lattices in a driven ferrofluid system
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Superlattice standing waves arising on the surface of ferrofluids that are driven by an ac magnetic field are
investigated experimentally. Several different types are obtained through successive spatial period doublings,
which are mediated by resonant mode interactions. The observed superlattices are quite diverse, depending on
the relevant base Fourier modes, the orientation and the number of emerged subharmonic modes, and the phase
difference among the involved modes all together. On the other hand, their temporal evolutions are all either
period-1(harmonig or period-2(subharmonig
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[. INTRODUCTION situation in which a hexagonal lattice generated by the static
Rosensweig instability{18] interacts with a subharmonic

Pattern formation in a spatially extended nonequilibriumsquare lattice generated by the Faraday instability. Here, we
system has been a subject of numerous studies during the Ii¢monstrate that sequences of such a resonant mode interac-
decade. Various laboratory and model systems are developd@n can e>.(h|b'|t successive spatial subharr_nonlc b'lfurcatlons
and characterized in different scientific disciplings]. ~ @s shown in Fig. 1. With a resonant mode interaction, a sub-
Among others, perhaps the most important concern in thedg@rmonic mode emerges rendering a spatially “period-
efforts has been to understand “simple crystalline patternsdoum‘f’d” superlattice. As the cpntrol_parameters are varied
that arise due to a single mode instabifity-4]. This is now further, another subharmomc b|furc_at|on takes. place prod_uc-
a well established topic. Subsequently, an immediate qued?d & more complex yet still periodic superlattice. As it will
tion one might ask is if there are any generic routes alon#_’e demonstrated, the morphology of the resulting superlat-
which the morphological complexity of a simple pattern in- tic@ can be quite diverse depending on the involved base
creases in a systematic way. Much of the current researcfa@ve vectors, the orientation and number of the emerged
effort related to nonequilibrium pattern formation now lies (Primary and secondarysubharmonic modes, and the phase
on this venue of thought. dlfferer)ce among the selected Fourier modes. The temporal

In many cases, one can view pattern forming nonequilib-dy”am'(}s of the observgd superlattlces are, however, elther
rium systems as a coupled network of nonlinear oscillatorsharmonic or subharmonic, unlike the case of complex oscil-
Then, the morphological complexity of the pattern is eX_!atory media, in which the spatial and temporal complexities
pected to be related to the temporal dynamics of the constiticrease or decrease simultaneously.
ent oscillators. Indeed, a series of recent model studies anf‘(a)

doubled traveling wave statE5—8]. A number of such : ;
subharmonic bifurcations can then result in highly complex {®ig=@
yet periodic patterns. In a different class of systems, how-}
ever, such complex patterns can be induced not by the com
plexity of local dynamics but by resonant mode interactions.
Pattern forming nonlinear systems are often able to generat
different spatial modes simultaneously, and resonant interag
tions among these base modes can result in various comple
periodic lattice(superlatticg patterns. This different class of
patterns is a subject of extensive current investigationg - . - .
[9-16]. e~ R i el T
In our earlier study, we showed that a resonant superlat

tice can be formed in a magnetically driven ferrofluid system FIG. 1. Successive spatial period doublings of a hexagonal lat-
[17]. The observed superlattice pattern arises in a bicritica{ice:(a) harmonic hexagonh(f=6.20 HzAH=0.17H,); (b) spa-

tially period-2 harmonic superlattice h2f=5.60 HzAH
=0.5H.); and (c) spatially period-4 subharmonic superlattice
*Present address: Supercomputing Center, Korea Institute of ScitH(f =6.06 HzAH=0.4H_.) are shown at the top rowH,

ence and Technology Information, P.O. Box 122, Yusong, Daejon(=108.0 G) is the critical field of the static Rosensweig instability.

305-806, Korea. Each frame is 6% 61mnt. Each hexagonal tiling unit is guided by
TAuthor to whom correspondence should be addressed; electronighite line. The corresponding Fourier modes are shown at the bot-
address: kyoung@nld.korea.ac.kr. tom row.
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(b)

II. EXPERIMENT

+* +

The patterns are observed in a magnetically driven Fara:
day system employing ferrofluidd7,19,2Q. Ferrofluids are
a colloidal suspension of magnetic powder stabilized by
screened electrostatic repulsifi8]. Unless specified other- ¢
wise, 1:1 mixture of commercially available ferrofluids ;
(EMG901 and EMG909, Ferrofluidicsre used. The physi-
cal properties of EMG901(EMG909 are, density p

f1'53 (1.Q2)g/m|, su'rf.a'ce tensian=27.5 (27'5)9/,%’ Ini- FIG. 2. Generation of B hexagonal superlattice by resonant
tial magnetic susceptibility =3.00 (0.80), magnetic satu- yiadal interaction:(@) snapshot of Bl pattern §=8.00 HzAH
raton Ms=600 (200)G, and dynamic viscosityn  —0.254_, field of view=44x 44mn?); (b) twelve modes of B
=10 (6) CP, yielding a critical field of static Rosensweig [@, measured fronta) directly; for clarity, only the positions of the
instability 90.5 (168.2)G, respectively. A cylindrical Teflon Fourier vectors are markidsix harmonic hexagonal modes of 1
container containing the ferrofluid (fluid deptfi.16 mm, (O, obtained from Fig. § four subharmonic square modes &1
container deptk 50 mm, and inner diameterl40 mm) is (O, obtained from Fig. B and some elementary modes generated
placed in the center of a pair of Helmholtz coils with an innerby triadal interactions ) between h and 1S;; and (c) recon-
(outen diameter of 200 mn§280 mm). The distance between structed image based on the twelve measured modesi (82.
two coils is 120 mm. The magnetic field is monitored by a
hall probe (F. W. Bell Inc., Model 601f) and the spatial pears in addition to the base modég @énd the six primary
variation of the field strength is within 3% in the monitored 5\ ;hharmonicsK'), thus forming a spatially “period-4” hex-
area. An ac signal is generated from a home-built synthesizefyona| superlattice (4). Unlike the case of the first subhar-
board and amplified by a linear amplifier driving the total yonic pifurcation, the secondary subharmonic wave vectors
magnetic field ofH (t) =Hq+AH sin(2aft). H, is the static gy twice smaller than those of the primary subharmonics,
field, AH is the amplitude of ac component, afids the |ining yp with the primary subharmonics. Théd4superat-
driving frequencyH, is fixed at 0.93H_ for all cases, while  tice is temporally subharmonic. The underlying mechanism
AH andf are used as control parameters. The temperature @éy the observed spatial subharmonic bifurcations is believed
the container is maintained at 15 °C. to be resonant mode interactions.

~ The fluid surface is illuminated by three arrays of concen- | gt ys first discuss the resonant mode interaction resulting
tric light-emitting diode rings(diameters 160, 180, and n a hexagonal superlattice2pattern that is shown in Fig.
200 mm, respectivelylocated 275 mm above the surface. pz). The 2H originates from a resonant triadal interplay
The patterns are imaged at a resolution of 8302 pixels  petween harmonic hexagonal modes bfand subharmonic
using a charged-coupled device cam@uaantix, Photomet- square modes of%. As shown in Fig. ), of the total 12
rics) located 560 mm above the surface with a frame grabre|evant Fourier modes oft2 (“ ®” ) six outer peaks exactly
ber (Meteor2/DIG, Metrox in stroboscopic modes with an overlap with the basic Fourier modes oh(D). The six
exposure time of 3 ms. The flat surfaces either above Ofqyrier modes of th are obtained by linearly extrapolating
below the level of surrounding fluid appear white, while the e empirically measured dispersion relation shown in Fig. 3.
nonflat surfaces that scatter the light away from the camergimilarly, the four Fourier modes ofS, (C1) are obtained
appear black. from Fig. 3. The inner subharmonic peaks df 2six points

marked by ‘@” lying along the circle have two different

ty @+p+@® L+
-
+

o |+ ®o +*n©
t\ +

++ ©+n+® s

0.8 (cm-1)
il

IIl. HEXAGON-BASED SUPERLATTICES origins. The two points lying along the, axis are neighbor-
A good example of successive spatial period doublings is
shown in Fig. 1. Figure (8) shows a temporally harmonic 18
hexagonal standing wave patternh(lthe nomenclature is
given in Ref.[21]) and the associated six Fourier pealZ};.( 1.6

This pattern, which forms in a vicinity of the Rosensweig
(statig instability, is simply periodic both in space and time.
As the driving amplitude and frequency are increased, how-
ever, the h pattern undergoes a subharmonic bifurcation
resulting in a spatially period-doubled hexagonal superlattice 1.2
(2h) as shown in Fig. (b). The magnitude of the newly

emerged six subharmonic wave vectdifs)( that are rotated

Harmonic
branch

k (cm-)

Subharmonic
branch

30° relative to the six base modds) ( are/3 times smaller 0

than the original base wave vectors. Thie Battern is still

harmonic in time. 0.8 . r .
As the driving frequency increases, thé Buperlattice 40 6'2 Ha'o 100

undergoes another subharmonic bifurcation in spsee Fig. requency (Hz)

1(c)] — a set of six secondary subharmonic mode¥ (@p- FIG. 3. Dispersion relation measured fdyH=0.1H,.
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ing a Fourier peak of $; (open squarevery closely. Thus, (a)
most likely they originate from &, lattice. On the other S EE!
hand, each one of the four remaining inner peaks are close {4 &®®
located to a resonant mode+§ of 1h and 1S;. Here, in ¢
particular, the relevant resonant modes are the ones satisfy

ing k, =ko—kg . Since the  pattern involves the Fourier

modes of B, lattice, it naturally has a subharmonic oscilla- F

tion in time as a whole.
Figure Zc) is a reconstructed Fourier image purely based FIG. 4. Successive spatial period doublings of a square lattice.

on the measured twelve Fourier vectors ¢éf £ @” in Fig. The simple subharmonic squar&;1(not shown bifurcates to ei-

2(b)]. The image captures the three different cell types thather (a) spatially period-2anisotropicsquare B,(f=6.52 HzAH

are present in Fig. (). The relative phase difference be- =0.3H,) or (b) spatially period-2 isotropic square B (f

tween the harmonic and subharmonic modes turns out to be7.00 HzAH=0.3H.). (c) The 2S; superlattice further bifur-

quite important in determining the morphology of the con-cates to spatially period-4 anisotropic square — &,(f

cerned superlattice. The phase differencertf is required =7.00 HZAH=0.2H,). Each frame is 4444 mnf. Each

in order to achieve a hexagonal superlattice that has thregluare(or rectangulartiling unit is guided by white line.

different cell types. If the phase difference between the har-

monic and subharmonic modes is zero, only two differen@dditional pair of subharmonic modes alokgaxis gradu-
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cell types exist as in the case oh2 ally appears from 3, pattern rendering 8 pattern, as the
Although the 2 pattern has almost the same Fourierdriving frequency or amplitude is increasgzp]. _
spectrum of M as shown irfFig. 1(b)], it is different from When the system is moved further frong2o a higher-

2H in several aspect$l) 2H is subharmonic in time, while frequency regime, an additional doubling occurs resulting in
2h is harmonic;(2) the six subharmonic Fourier peaks of the the 4S, pattern shown in Fig. @). The complex square su-
2h pattern cannot be obtained by the same triadal interactioRerlattice 4, has total ten Fourier modes including four
of 1h and 1S; modes that resulted the-2pattern;(3) 2H is ~ base vectors of §;, four primary subharmonics of&, and
observed in a “small amplitude forcing regime” whilehds @ new pair of secondary subharmonics along one of the two
observed in a “large amplitude forcing regime.” These dif- Principal axes. This additional pair is exactly half the size of
ferences all together suggest that the gattern does not the preexisting primary subharmonics. Thus, xhge symme-
arise by a simple resonant triadal interaction but by a highely is lost in 4S; as in the case of &;. In our current ex-
order resonant interaction beyond the three-wave interactio€rimental condition, no isotropicStsuperlattice has been
Since there are so many possible resonant modes at highdgund.

order regime, it is currently beyond our limit to discuss ex- Careful analysis on the Fourier modes of all three square
actly which resonant modes are participating in tihepat-  superlattices 3,, 2S;, and 45, has been carried out in con-
tern. The fact that the I2 pattern has a Simp|e harmonic junction with all possible triadal resonant interactions be-
oscillation also excludes any possible connection to a higheitween the modes of two basic lattice$ land 1S;. The
order resonant tongue associated with the Faraday instabili§greements between the observed modes and the modes gen-
(e.g., ¥/2 tongue. Similarly, the observedH pattern would ~ erated by triadal mode interactions turn out to be poor for the
be explained only by a higher-order resonant interaction. IPrimary subharmonics of & and 25, and worse for the
fact, the h and 4H patterns are observed in a large ampli- S€condary subharmonics ofS4. In other words, these

tude regime in which high-order resonant interactions wouldsdquare-based superlattices do not originate from triadal mode
become important. interactions. We believe that they arise with higher-order

resonant interactions betweeh and 1S;

IV. SQUARE-BASED SUPERLATTICES

- . . . . V. OTHER PATTERNS AND PHASE DIAGRAM
Similar spatial subharmonic bifurcations are also ob-

served in a square lattice as well. Figure 4 shows three dif- The spatial periodicity of 4 is the highest thus achieved so
ferent square superlatticesS2, 2S;, and 45, formed by far, but in principle, the doubling cascade can go on further
resonant mode interactions. The temporally subharmonias the number of modes participating in the resonant inter-
square standing waveSl undergoes a spatial subharmonic action increases. On the contrary, some of the high-order
bifurcation to either 3, [Fig. 4@)] or 2S; [Fig. 4b)], as the resonant mode interactions can produce simple lattice pat-
system is brought into a large amplitude regime. Only a paiterns as well. A good example is the subharmonic square
of subharmonic wave vectors newly appears along one of thiattice 1S, observed in a large amplitude regime. Although it
two symmetric axes of the preexisting four base vectors fois identical to the $, pattern in all aspects, its Fourier
anisotropic 2S,, while two pairs of subharmonics appear modes have a quite different origin — none of its four wave
simultaneously foiisotropic 2S;. Consequently, 3, is spa-  vectors match the wave vectors dfi,11S;, or the ones cre-
tially period-doubled only in one directiony(axis for the ated by triadal interactions between them. This is also true
given examplg whereas 3 is doubled in bothx andy  for the harmonic rhombusrlalso observed in a large ampli-
directions. The transition between two neighboring statesude regime.

2S, and 25 is found to be continuous. In other words, the The phase diagram shown in Fig. 5 summarizes
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AHHc | and with EMG901 only to find a superlattice of thel 2ype.
056 7 000 Nevertheless, the two basic competing lattices,ahd 1S;,

“ / / are both present in all three different cases. In other words,
the two primary instabilities are not is sensitive to the prop-
erty of the fluid, but the resonant mode interactions are.

VI. CONCLUSION

We have investigated superlattice standing wave patterns
that arise on the surface of parametrically driven ferrofluids.
All together, six different superlattices along with six differ-
ent simple lattice patterns are observed. It is significant that
o a0 | oo | 8o | 1000 all the qbserv_ed superl_attices arise through spgtial su_bhar-

’ " frequency [Hz] ’ monic bifurcations mediated by resonant mode interactions.
A similar spatial period-doubling phenomenon is reported

FIG. 5. Phase diagram of standing wave patterns revealed in @arlier in the context of traveling waves of complex oscilla-
magnetically driven ferrofluid withd,=0.93 H,. All together, six  tory media[5,8], but here it is discussed in the context of
different superlattices (2 2H, 4H, 2S;, 2S,, 4S,) and six dif-  standing waves and resonant mode interaction. The observed
ferent simple lattices (i1, 1s, 1S;, 1S;, 1r, 1R) are observed. superlattices are temporally simgleither harmonic or sub-
The nomenclature of the observed patterns is described Il‘[mf harmonic to the forcinp again in good contrast to the com-

plex periodic traveling waves that are complex oscillatory in
the rich variety of observed patterns and their relativetime as well. Our experimental results raise a number of new
locations—all togethetwelvedifferent types are revealed. In theoretical issues such &5 why the subharmonic modes of
addition to the ones discussed earlier, simple harmonithe base wave vectors are so much preferred by resonant
square lattice & and subharmonic rhombudsRlare also ob- interactions over various other possible resonant modes, and
served in a small amplitude regime. ThR forms with con-  (2) what would be the maximum spatial complexity that can
ventional triadal interactiof23]. The 1s pattern neighboring be achieved by resonant mode interaction under a given con-
1h is very similar to the ones discussed in previous reportglition. Full understanding of the rich variety of standing
[10,12. The transitions between two neighboring patternswave patterns and their mutual boundaries also pose quite a
are all hysteretid24] except for the one betweerS2 and  challenge.
2S;, which is continuous as described earlier. The overall
structure of the phase diagram depends quite sensitively on
the property of the used ferrofluid. For a comparison, we
have conducted the same experiment with 2:1 mixture of This work was supported by the Creative Research Initia-
EMG901 and EMG909 to find no superlattice whatsoevertives of the Korean Ministry of Science and Technology.
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represents hexagor§ represents square, arRR represents sizes along the axis. The order parameter decays continu-

rhombug and the temporal behavigsmall letter: harmonic in ously from 2S; to 2S, . The driving frequency s varied while

time to the magnetic ac forcing, capital letter: subharmonic to maintainingAH=0.3CH..

the forcing. The following additional subscripts are used when [23] Our 1R pattern has the same origin of the “two-mode rhom-

necessaryi for isotropic,a for anisotropic, 1 for 1st kind, and boid” (2kR) pattern described in Rdf12] except that all four

2 for 2nd kingd. Fourier modes of the R pattern are resonant modes whereas
[22] Since the acquired full image is not sufficiently large to reveal only two out of four are such for thekR pattern.

the subharmonic Fourier peaks clearly, we quantified this tranf24] The bistable ranges are typically an ordersét=0.1 Hz and

sition by directly measuring the ration) of two different cell S [AH/H ]=0.02.
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